with each i ∈ {0, 1}. Our trace forms are the quadratic forms Q K R : K → F given by Q K R (x) = tr K/F (xR(x)). These trace forms have appeared in a variety of contexts. They have been used to compute weight enumerators of certain binary codes [1, 2] , to construct curves with many rational points and the associated trace codes [5] , as part of an authentication scheme [3] , and to construct certain binary sequences in [7, 8, 6] .
In each of these applications one wants the number of solutions (in K) to Q K R (x) = 0, denoted by N (Q K R ). This is easily worked out (see [10] , 6.26,6 .32) in terms of the standard classification of quadratic forms:
where r(Q K R ) = dim rad(Q K R ) and
However, given R and K, there is no simple way to determine the invariants r(Q K R ) and Λ(Q K R ). The only known results cover the case of one-term R [8] and two-term R [4] . Here we solve the inverse problem: Given K, determine all possible pairs of invariants (r, Λ) and construct the R with these invariants. We use this to construct new maximal Artin-Schreier curves.
General Results
We fix the notation. When R is fixed, we write r(k) for dim rad(Q over K, we set
Note that (R * 
in either case. We summarize the known results on factors of x k + 1.
Lemma 1.1.
If k = tn where t is a 2-power and n is odd then x
, and not self-reciprocal.
Proof: (1) follows from x k + 1 = (x n + 1) t and (2) follows from [13] . We will use the term self-reciprocal factor of Q d (x), d odd, to mean irreducible, self-reciprocal factors in Case 1 and pairs f (x)f (r) (x) with f (x) irreducible in Case 2. Thus, in either case,
The key result is: [10] , p. 111. Hence the result follows.
The following is a substantial improvement over [4] 
is the Jacobi symbol, detecting whether or not 2 is a square modulo n.
since (R * ) dn is self-reciprocal. Hence Lemma 1.1 yields:
We check the bounds on s 1 
For E = F 2 e recall that we write r(e) for r(Q E R ) and Λ(e) for Λ(Q E R ). By [4] Theorem 3.1,
, for the same s 1 and u i (d) as before. So
A simple induction argument completes the proof. The proof of 1.3 shows that every possible pair of invariants (r, Λ) does in fact arise. We record this as:
where the g
).
We note that if the coefficients, a i , of R are allowed to take on any value in K then every quadratic form over K arises as a Q 
We construct all R(x) of degree 2 9 with r(Q , so we take whichever of R, R + x satisfies R(1) = 0. We obtain:
The goal of this section is to imitate the example and count the number of R with a given pair of invariants (r, Λ).
We require that h(x) be self-reciprocal, degree N − d and have h(1) = 0. The last condition implies that h(x) has no middle term (that is, x
). Thus h(x) is determined by the coefficients of
The total number of self-reciprocal h(x) of degree N with h(1) = 0 is 2
. So the number of h(x) of the statement is:
Theorem 2.4. Let k be a prime. For any R:
The number of
Proof: (1), (2) and (3) 
Hence the number of R * of degree 2
2N
with (
.
Both R and R + x yield the same R * and exactly one of R, R + x maps 1 to 1. So the number of R with R(1) = 1 and dim rad(Q K R ) = 1 + 2sw(k) is given by the same formula.
One may easily check the formula on Example 2.1. There k = 43, w(k) = 7 and so ν(k) = 3. The example considered R of degree 2 9 and r = 15 (which is s = 1). Then = min{ 
When k is a product of two primes
The values of w(d), over divisors of k, are not independent. Thus the formulas for dim rad(Q K R ) and Λ(Q K R ) of Theorem 1.3 simplify. But the underlying number theory is complicated. We illustrate these points by considering the easy case of k being a product of two primes.
Lemma 3.1. Let p be an odd prime and let = ±1.
w(p

) = w(p) or pw(p).
Proof: (1) We have: A typical simplification of Theorem 1.3 is:
, with p and odd prime that is not a Wieferich prime. Then
The simplification for Wieferich primes can also be easily worked out. In the next result, v 2 (n) denotes the highest power of 2 dividing n. In this case, w(pq) = lcm(w(p), w(q)).
If p and q are in Case 1 and v
2 (w(p)) = v 2 (w(q)) then w(pq) = 2lcm(w(p), w(q)).
If p is in Case 1 and q is in Case 2 then w(pq) = lcm(2w(p), w(q)).
If p and q are in Case 2 then w(pq) = lcm(w(p), w(q)).
Proof: (1) Suppose pq is in Case 1. Then 2
is -1 modulo pq, hence modulo p and q. So both p and q are in Case 1. We want to show that
Conversely, suppose p and q are in Case 1 and
is -1 modulo p and q, hence modulo pq. Thus pq is in Case 1. Note that w(pq)|L and clearly L|w(pq). So w(pq) = lcm(w(p), w(q)).
(2) Here pq is in Case 2 so that w(pq) is the order of 2 modulo pq. As p and q are in Case 1, the order of 2 modulo p is 2w(p) and modulo q it is 2w(q). Hence w(pq) = 2lcm(w(p), w(q)). Parts (3) and (4) 
Both give radicals of dimension 19 but Λ(Q
Maximal Artin-Schreier Curves
The Artin-Schreier curves considered here are:
where x, y ∈ K. This has genus g = 
where r = dim rad(Q K R ) and we have used Equation 1. The curve is maximal if equality holds in the Hasse-Weil bound
Clearly equality holds only if k is even. Maximal curves yield the best algebraic geometry codes. In [5] we found all R and K with C R (K) maximal and k − r = 2 (note: the codimension k − r is necessarily even). We also gave one example, found by computer search, of a maximal C R (K) with k − r = 4. As Lemma 4.1 prescribes the invariants of Q K R , we may now find all codimension 4 maximal curves, at least for a wide range of k.
As k must be even, Theorem 1.3 reduces the computation of Λ(Q K R ) to that of Λ(Q T R ) where T = F 2 t for t, the highest 2-power dividing k. We have been unable to do this in general, hence our restrictions on k.
Define
T i = number of j = 1 with j ≡ i (mod 4).
Lemma 4.2.
1. Suppose K = F 4 . Then: 
Comparing with Equation 1 gives the result. The proof of (1) is similar and easier. Proof: Assume k is not divisible by 8. Write k = tn with n odd and t = 2 or 4. By 1. 
This is also the only solution if s 5 is not maximal (whether or not 3 divides k). Our construction, Corollary 1.4, shows that
and so deg(R *
And so
for ∈ {0, 1}. As before, Λ(Q K R ) = −Λ(4) so that we require T 0 to be even and T 1 +T 3 to be odd. Thus taking = 1 gives an example of a maximal curve with k − r = 6 and k not divisible by either 3 or 8. 
